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Recently a methodology for closed-form modelling of non-holonomic hybrid parameter
multiple body systems (HPMBS) was presented. The tool provides a means to model
non-holonomic HPMBS with sets of minimal closed-form hybrid differential equations;
these equations are minimal in the sense that there are no Lagrange multiplier equations
required. Also provided by the method is a means to generate closed-form models of the
momentum change imparted on a HPMBS when the system undergoes impulsive loads or
configuration space changes. In this paper, these techniques will be merged to form an
algorithm for modelling HPMBS under the influence of changes in the configuration space
due to the variable presence of, or lack of, constraints. It should be noted that restitution
coefficients are not needed to describe momentum transferred within the system when the
configuration changes. Included in this work is the explicit minimal closed-form model of
a flexible two-link planar manipulator interacting with a work-piece and the numerical
simulation of this system under various conditions. The process of modelling this system
will elucidate the algorithm which is applicable to higher order systems.
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1. INTRODUCTION

Modelling tools applicable to hybrid parameter multiple body systems (HPMBS) are in
an evolutionary stage. In many instances, tools from rigid multibody systems have been
adapted to model flexible systems [1, 2]. In other cases distributed parameter modelling
techniques have been applied [3—5]. There is work in the numerical aspects of the solution
of the modelling equations [6-8], in the modelling of configuration space variability
(variable structure) [9-23], and in the generation and clucidation of the best ways to
incorporate constraints [24-34]. An in-depth analysis of the merits of the cross-section of
techniques is not provided in this paper, however these citations are provided so that the
breadth of the work in multiple body system modelling is recognized.

Another approach, not represented above, applicable to the modelling and analysis of
HPMBS has been recently presented [35, 36]. In this technique, minimal explicit equations
of motion can be generated for arbitrarily complex non-holonomic HPMBS. These
equations are minimal in the sense that no Lagrange multipliers are needed. Equations for
modelling generalized momentum transfer in HPMBS are also provided.

In this paper, the work discussed immediately above is merged into a modelling
algorithm developed in an effort to address technical issues that still exist in the area of
non-holonomic HPMBS analysis. The unresolved issue addressed herein is the need for
a technique that generates closed-form minimal equations of motions for HPMBS that can
be readily implemented and works across variable structure systems. This effort will show
it is possible to model the full motion regime dynamics (including contact and impact) of
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non-holonomic HPMBS in a concise, accurate, explicit, and minimal manner; it will also
show that experimental restitution coefficients are not imminently required. The algorithm
is developed via a modelling example and numerical results. This example is simple enough
to be tractable by hand yet complicated to a degree that shows the applicability of the
algorithm to increasingly more complicated systems.

The paper will proceed by providing the closed-form minimal model of a two-link planar
elastic robot interacting with a work-piece; this includes equations for the free-flight
motion, the contact/impact motion, and the constrained motion. Presented next is the
outline of a procedure to provide for numerical simulations. Then, finally, numerical
results are presented with animation snapshots.

This particular model encompasses many real-world applications such as tree-structured
spacecraft and robots, and closed-link mechanisms such as the four-bar mechanisms in
automobile suspensions. The example also encompasses the regime that exists when a
machine is of variable structure (e.g., a robot) and transitions from a tree-structure to a
closed-loop structure and vice-versa.

2. ALGORITHM BY EXAMPLE

In this section an algorithm useful for modelling HPMBS experiencing variable
configuration space dimensionality will be presented. First the closed-form model of the
system will be presented, then the outline and results of numerical analysis will follow. The
theory used to developed the enclosed algorithm can be found elsewhere [35, 36]. The
notation is borrowed from this previous work; an explanation of the terms will be provided
when needed.

The system is shown in Figure 1 in an unconstrained configuration and in Figure 2 in
its constrained configuration. The domain of each beam is one-dimensional, the
independent co-ordinates are x;; and x; measured from the root of beam B, and B,
respectively, along the undeformed neutral axis of each beam. The “‘special” point of beam
B, is labelled b, and b,, for beam B,. The co-ordinate frames, denoted with B, and B,,
are attached as shown in Figure 1. The Newtonian frame is denoted with ./". At the root
of each beam there is a massless hub to which torques M, and M, are applied to hubs
of By and B,. The angular position of frames B, and B, are ¢, and ¢s. Beam deflection is

Figure 1. Two link flexible manipulator.
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Figure 2. Constrained two link flexible manipulator.

measured with ﬁ”(x“, 1)511 and 1/721()(32,', t)l;zl (elongation), 17[12(X11, t)l;]z and ﬁzz(Xz], l)l;zz
(flexure) as shown in Figure 1. The beams have mass per unit length p, total lengths are
L, and L,, cross-sectional area 4, area moment of inertia /, and Young’s modulus E.
Additional co-ordinates, shown in Figure 2, will be discussed during the constrained
system modelling stage.

2.1. FREE-FLIGHT

In this section the equations of motion for the machine in its unconstrained mode will
be developed. First we start with the co-ordinate selection and kinematics, then end with
the equations of motion in first order form for the free-flight.

The generalized and pseudo-generalized (denoted with primes) co-ordinates and speeds
are chosen as follows:

X L
gi = YL, 1) s = g = L, 1)

St=4n (’/’xn ’ T aXn 01 ’ (1)
. ;- , ., Oun(Li,t
Ss = (s, q» = un(Ll, t)» §2 = (> = % 5 (2)
;o , ., Oin(Li,t
qs = (L, 1), $3 = (3 = %1) . 3)

The speeds are used to parameterize the configuration space of the system. The d.o.f. are
infinite in this system due to the distributed parameter nature of the beams, however the
discrete d.o.f. are two, one for each angular rate of the beams. The pseudo-speeds are
chosen at the interconnections of the bodies to describe how the kinematic constraints must
be enforced. The details of the variational basis for the choice of the pseudo-speeds can
be found in the work mentioned above. In the equations below, note how the
pseudo-co-ordinates and speeds are used as if they are regular generalized co-ordinates and
speeds.
The angular velocity of frame B, and B, can be written as

Yo% =5b; and 0% = (s + si + 55)bis. 4)
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The absolute velocity of the point b, and b,, are also required. Since the system is
rotating about b,;:

vt =0 and v = (57— 8 6]3/)511 + (535 + si(Ly + 92/))512- %)

The absolute acceleration of the differential beam element dm, for beam B, can be written
as

~2 o~
O Uy .o~ 6u12 ~ » \%
ot = <alg — S$ithy — 28— 1 — (i + dn)st )bu

0%t Otl - 5\
+ < 51:21 + (xn + dn)si + 251 —— 5[ uleI>b12. 6)

The absolute acceleration of the differential beam element dm, for beam B, can be written
as

qat = (85 — $1gf — 28185 — (Li + @3)sHbu + (55 + (L + ¢5)$1 + 25185 — qist)b

62 0> a ~ / A
+ ( al;zl ($1 + $4 4 S$5)dn — 2(s1 + 84 + 55) au;z (21 + @) (51 + 84 + 55)2>b21

0? - , r
+ < (;;722 + (21 + 1) (St + S5+ Ss) + 2051 + 51 + Ss) 61 — (s + si + Ss)2>bzz-

(N

The strain energy density functions for the beams B; (i=1,2) are (assuming large

deflections)
V= fEA 0ty 1(0aa VN | 1y (i) (8)
! 6¥,1 8x,~1 2 axrzl ’

The torques applied to the massless hubs are

T = M1513 and T, = M2523 (9)

on B, and B,, respectively. The weight of the system is ignored assuming the system moves
in a plane perpendicular to local gravity.

The methodology also requires the calculations of the “preferred directions” for the
variations (pseudo and ordinary); these are tabulated in Table 1 using equations (4) and
(5): the equations of motion can now be written down.

2.1.1. ODE’s

The ordinary differential equations modelling the angular positions are

m al)

ao
[TBI - JBI] 051

0"
0= (/51 [FB] IB]] + = Os 5

- [Fy, — 1]

o ok

+ 6S1

[T, = 5] (10)
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for s;, and
a(/)l_‘)b(,] ) 6‘1.0\)31 . a{/)‘-l)b"z )
0= S50 [Fay = L]+ 50 [T = Jo ] + 55— [y, — L]
0 m®
+ o [T = Ja] (1

for ss. The formula for forces and torques (applied and inertia) were defined in the previous
work. The applied loads were described above.

Performing the required vector cross and dot products implied in equations (10) and
(11) and rearranging the equations gives

In 1o ) fl
o - ®

The elements of the inertia matrix and the force vector are defined as

Ly

Ly
I = j plCen + dn)* + ] dxn + [¢7 + (L + ql/)Z]J p dxa
0

0

L

L, )
+ ¢ f pily dxo (b1 - ba) — ¢ J p(x21 + thy) dxa1 (b1 - b)
o

0

L L
—(Li + ¢) J Pty dxoy (b1 - b)) + (L1 + ¢3) J p (X2 + i) dxoi (b2 * ban)
o

0

Ly Ly
— ¢ J plix dle(bzz X bn) “biy — q; J P(le + ﬁzl) dx21(b21 X bll) by
o o

L.

+ (Li + ¢2) J‘ Plin dx21(522 X 512) : 513

0

L.

+ (L + QZ/)Jv

0

2 . . . L,
0 (X2 + 1) dx21 (b2 X b1o) * bis + J pl(xn + it)* + i) dxy,
o

TABLE 1

Partial velocities

2 Vbl ° Vb R g
0 ~ A ~ N
ale 0 —gibi + (L1 + g7)b1» bis bis
a%’ 0 b 0 0
0 .

ﬁ% 0 b 0 0
0?4, 0 0 0 b
0 A

0 0 0 bis

655
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Ly

L, B ) )
I, = (13/ J plin dx2l(b11 . b21) - qé J p(le + ﬁ21) dx21(b11 . bzz)
0

0

L L

—(Li + q7) J 7 p(x21 + o) dle([;lz : 522)

0

7 ,01222 dX21(512 . 521) + (Ll + qz/) J\

0

Ly
+ J ol + in)* + i3] dxa,
o

L, L,
L, = —%/ j plix dle(bzz X bll) “bi; — (]3/ J P(X21 + ﬁzl) deI(bZI X bll) b3
o 0

Ly

+ (Ll + (12/) J‘ pﬁQZ dx21(522 X [;12) : [;13

0

L L,

7 ,0(X21 + 1/721) dle([;zl X 512) . [;13 + J A p[(x21 + ZZ21)2 + 1/752] dxzy

0

+(L1+6]2/)J

0

and
Ly
Iy = J P[(XZI + 17!21)2 + 1152] dx.
0

The term 7;, can be reduced further if the properties of the vector-scalar triple product are
used. The right-hand side terms of equation (12) can be written as

L - ~ -
1 62 R a R N N . az
=M, — P 761/[212 (e + dn) + 25 75{” (1 + i) — stdn(xen + dn) — dn 6uz”
0 ! t t
O | - " (7 (] A
+ 28 % up + Sflllz(xn + 1411)} dx) + q3 J ,0{|: @1:221 — SqlUn
0
’ (31222 ’ 2 ~ A A 621/722 ./ ~
— 2051 + 54 +S5)W—(S1 + 84+ 85)(x21 + o) |(biy - ba) + W+S4(X2] + i)

0l
ot

+ 2(s1 + 85+ 55) L (s1+ 85+ S5)21/722:|([;11 : 522) + §5 — 28185 — Slz(Ll + qﬁ)} dxy

N , iy
—(Li+ q3) P W—S4M22—Z(S1+S4+S5)W

0

621/722

or?

- (Sl + 55+ Ss)z(le + 1121):|(512 : 621) + |: + S'A((Xﬂ + 1/721)
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03 ~ A A ./ ’ ’
+ 2(s1 + 85+ 55) % — (s + s+ 55)2U22:|(b12 “bn) + 8§54 25187 — S12(]3} dxy + M

rL,
— p(x21 + 1) dxa[$5 — 25188 — sT(Li + ¢3)](ba X byy) - bis
Jo
— Pl dxo[$5 — 25185 — S12(L| + g))(ban x bu) - bis
Jo
f.Lz . . .
— P(le + 1/721) dx21[5'3/ + 28185 — S%qg](bzl X blZ) by
Jo
/‘Lz . . .
- ,Dﬁzz dle[S'sl + 2518, — S%qﬁ](bzz X b12) . b13
Jo
[ %l dii
— p(x + ﬁ21)|:6t222 + $i(xa1 + thay) + 2(s1 + 85 + 85) a;l
JO

Ot

ot

2~
U

Ly a
— (S] + Sz( + S5)2ﬁ22:| dX2| + Jv pazz |:al‘2 — 5.211122 — 2(S1 + Sz{ + Ss)
0

- (Sl + 85+ Ss)z(le + 1221):| dle

and

Ly

fz =M, — J - p(le + 1/721) dle[S'zl — 285183 — S12(L| + (]2/)](621 X 511) . 513
0

rLy
— Pl dxo[$5 — 28185 — st(Ly + )] (b X byy) - b3
JO
rLy
— P(le + ﬁll) dxy [Sz/ + 25187 — S%%/](bﬂ X b]z) “bi;
JO
(*L2 R . R Ly
— pﬂzz dx21[5'3/ + 2818, — S12(13/](b22 X b12) “bis — J p(le + L721)
Jo 0

X

0%l ., - , 0il , N
|: (312_2 + S0 + o) + 2(s1 + 54+ Ss)aitl — (51 + 85+ Ss)2M22:| dxy

ﬁ22

L -
> |0 o~ , 0 , N
+ J' Pu22|:al;32] — Sitin — 2(s1 + 85 + 85) a7 (814 85+ 85)(x21 + 1421):| dx,;.
o

577
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2.1.2. PDE;s and B.C’s

The formulas for the field equations modelling elongation and deflection can be written

as

__ a aI—/l 0 qdm A
0= Oxyy <aﬁ11,1> pra bu

for elongation and

_i LI—/I 672 LI_/I 0 gdmy | A
0= Ox” <8ﬁ12,2> - 0x121 <6L712,11> — pra blz

for deflection. The boundary conditions can be written as:

v, oV, o (aovi\_ v,
617[12_11 - g12, aﬁlz‘ll

ki

o = g o
aull,l ’ 8u12,1 ax”

at x;; = Ll, and

1’711 = 1112 = ﬁlll = 0

(13)

(14)

(15-17)

(18)

at x;; = 0. The terms on the right-hand sides of the boundary conditions are defined as

, 090 0P 0%vP 0 o

g = asz/ .[FBI _131]+ 6S2/ : [TB| _JB|]+ aszf '[FBz_le]—’_ asé
, 0% et o5 0 0"
g = ass/ [FB| - IB]] =+ (7.5';/ [TB1 - JB|] + (353/ [FBZ - IBz] + asg
and
, 05 v 0" o 0°0% 0" o™
ki, = s, [FBl - IBI] + s [TBI - JBI] + s [FBZ - 132] + s

[T, = ),

’ [TBz - JBz]

: [’I‘[g2 - JBZ]'

These last three expressions can be seen as the means that allow the pseudo-speeds to be
utilized to calculate forces of constraint; in this case forces and torques on the boundary.

The field equations for the second member (B,) are

— 6 6172 0 gdmy A
0= 02 <5ﬁ21.|> T pad ba

for elongation and

= i 61_/2 672 LI_/Z o dmy A
0= (?Xz] <€ﬁ22,1> - ax,_%l <6L722,11> — pya: b22

(19)

(20)
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for deflection. The boundary conditions are

ov, oV, 0 ov, oV,
= — — ~ =0, — = 21-2
51421‘1 ’ Otly, 0x1 (auzml) 0 Ol 11 0 ( 3)
at x, = L,, and
1«721 = 1122 = 17!22‘1 = 0 (24)
at x, = 0.
Performing the required differentiation results in
_d O [ 0dn\ Oy Oil
o= 2 [T (V] (2 20— o) 9

and

8 0M11 aﬁ]z 2 % 52 827112
o=z e (5 )] -2 (o5

axl 8)611
0%, o R
a7 + 25 at +(X11+M11)Sl Upsy | (26)
replacing equations (13) and (14), respectively. Equation (15) is replaced with
a a~ 2 ’ 2 < . ’ ’
EA<6"/61111 é(a;ﬁll;) > = —L p dX21[S2 — 85143 — 2S1S3 — S%(Ll + qZ)]
L ~
> | 0M on
— L [ 5 — (§ 8+ S — 2si + 50+ 59) g;z
— (81 + 85+ 85)°(xn + ﬁzl):|(511 : 1;21) dax,
= ‘i o
f |: atzzz + ($1 + S5+ S5) (X2 + ) + 2(s1 + 54+ 55) alzl
0
(27)

- (Sl + si + S5)2ﬁ22:|(611 ' 522) dle.
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Equation (16) is replaced with
Qi | 1{0an\\ di: 0 RE
EA(&X]] + 2(8)(:]1) > 5)6” o 5x” (EI 5xf,>

Ly
= —J p dxx[ss + s1(Li + q3) + 28157 — 51293/]
o

t 0%l . ., L~ , Ol
_ P o — (Sl + S5 + S5)M22 — 2(S1 + 54 + S5) W
0

— (81 + 84 + 55)*(x20 + 1/721):|(512 : AZ]) dxz

b [0
_ J\ p|: 6152 + ($1 4 $4 + $5)(x21 + 1)
o

0il N PP
+ 2(51 + Sz: + SS) % — (S] + S;{ + S5)2U22:|(b12 . bzz) dX21. (28)

Equation (17) is replaced by

0%l " S Nrer e ;o AL o BN
EI 03212 =M, — J p(le + M21)[S2 — 8Siq3; — 28183 — ST(Ll + (]2)](1721 X bll) ~biy dxy
X1 b

rL, B . .

— pﬁzz[é"z/ — 5'16[3/ — 25185 — Slz(Ll + 6]2/)](b22 X bn) - by dxy
Jo
rL, B B B

— p(xXa + )85 + $i(Ly + ¢3) + 28185 — 51¢31(Dar X bia) + bis dxs
Jo
rL, ) ) )

— Pt dxa[$5 + $1(Li + ¢2) + 25187 — 512(13/]([?22 X bip) * bis
Jo
("2 %

— o(xa + 1/721)|:6[2_2 + ($1 + 84 + $5)(x21 + i)
Jo

oi .
+ 2(s1 + 85 + 55) % — (51 + 55+ 55)2H22:| dx

0 U

ot

t 0%l
+ J pﬁ22|:al221 — (81 + $4 + S$5)ilr — 2(s1 + 84 + 55)
o

- (51 + 85 + Ss)z(le + 1/721):| dx21~ (29)
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Equations (19) and (20) are replaced with

0 01/721 1 01/722 g . .y / 2 / L A
0==—| EA + ) — p[$7 — $igs — 28187 — s{(Li + )] (b1 - ba)

0X21 0X21 0Xa1

"/ . ’ ’ AVIA A 82~ . .y c N\~
—plsi + $i(Li + @3) + 25185 — 5131 (bia * b)) — pg[al;f' — ($1 + Si + $5)iln

— 2051 + 55+ 55) % — (51 + 80+ 55)(xa + ﬁzl):| (30)
and

0 Oy | \[0in\"\ 0 | & (., 0%
0= ale |:EA<5X21 + 2(@)621) ale ax%1 El ax%l

— pl$7 — Sigi — 25185 — S12(L1 + qf)](l;n : 522)
—plss + s1(Ly + q2) + 25187 — 512(]3/](512 : 622)

0%l . L N , Otl , N
— p[ U2 (S + §5+ $5) (e + dh) + 2050 + 8§+ 55) % — (81 4 85+ S5)2M22:|-

or
(3D
Equations (21), (22) and (23) are replaced with
iy | 1(0in\") _
EA(aXQ] + 2<5x21> ) - 0’ (32)
Oy | 1{00\"\ 0 0 i\ il
EA<6X21 + 2(6}(?21) > zel o 6X21 <EI 6x§1> - 0’ 2 (9x§1 o O’ (33’ 34)

respectively. Initial conditions for 41, qs, S1,5 S5, L?”, 1112, ﬁg], l/~l22, (01711/5[), (65{12/61), (6521/61),
and (01i»/0t) must also be specified. The kinematic differential equations for ¢, and g¢s are
given in equation (3) for the ordinary generalized speeds.

2.2. CONSTRAINED MOTION

In this section the equations of motion derived above will be modified to represent the
dynamics of the system in its constrained configuration. First we start with the kinematic
constraint between the regular and pseudo speeds then proceed to the equations of motion.
Note that Lagrange multipliers are not needed, thus these constrained equations are
minimally formulated.

Consider the situation depicted in Figure 2. The co-ordinates are the same as described
above with the addition of two more co-ordinates. For the overall motion, modelled by
ordinary differential equations, a single co-ordinate ¢, and its speed sy = ¢y can be used
to describe the system. In addition, ¢s and its speed ss = ¢s are introduced as fictitious
co-ordinates and will be used in determining switching conditions for the motion regimes.
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A vector loop can be used to describe the constraints between the co-ordinates (pseudo
and regular). Using the loop implied in Figure 2 the following equations hold:

(Li+ g2)(bu - ) + g5 i) + (Lo + q) (b + 1) + g (b - ) — go =0, (35)

(L + )b - 7o) + ¢35 (b~ 7o) + (Lo + o) (o - 1) + g7 (b 712) — (h + g5) = 0, (36)
where

gs = tn(Lo, t) and g7 = in(L,, 1) 37

and g¢s is fictitious (to be used later for determining constraint violation). These
relationships can be differentiated to obtain the non-holonomic constraint conditions
(linear). Solving the non-holonomic constraint conditions for s; and s, gives

s1={—[(L2 + q6)Cass — q7Sss]ss — [(L2 + q6)Sas + q7 Caslsi — (Lo + ¢6)CasSs — q757
+[(L2 4 ¢6)Siss — 7 Craslss + [(La + q6)Cras — q7Suss]so } /4 (38)
and
ss={—[(Li + ¢3) — (L» + q6)Cus + q7 Sss)ss — [—q5 — (L2 + q6)Sus — g7 Cass3
(L1 + q2)Sus — qi Cas)(La + q6)si + [—(Li + q3)Cas — q3Suslqisi
—(Li + q3)Cas — q3Sss — (Lo + q¢)lse — (L1 + q3)Sus — 3 Sus — q71s7
(Li 4+ ¢2)S1 + ¢5Ci + (L2 + ¢6)Sias + q7 Cras)ss
=L+ ¢)Ci + ¢5S) — (Lo + q6)Chras + q7Sus)so /4, (39)

[
[
[
[

where
s¢=¢; and s7=¢} (40)
and where S, =sin(q:1), Ci=cos(q), Ss=sin(g:~+ qs), Cis=cos(qs+ gs),
Sus =sin (g1 + ¢4 + ¢s), and Cus = cos (¢1 + ¢4 + gs). The determinant 4 is defined as
A= —(Li+ @) (Lo + ¢§)Sss — ¢i(La + q6)Cas + (L1 + ¢5)q7Cas + qiq7 Sss. (41)

The kinematic relationships derived for the free flight are valid provided one eliminates
the dependent speeds s; and ss. The non-zero partial velocities needed in the remaining
calculations are (considering equations (38) and (39)):

avl’ By , , A
52’; = —[(L> + q¢)Cis — ¢5Sus)bis/ 4,
0° vbe2 Q A
S = 1+ G + g Cis — ¢7Si)/ 1B — (L + gDL(La + 0)Cos — 3 Sislbi) 4.
0 o 0 @ , , A
6;’2 = (L + g3)bx/4, 6;? = —[(L2 + ¢6)Sss + q7Cus)bis/ 4,
ao” boa ~ A
(13;)3’ = ¢i[(L2 + ¢6)Sss + q71Cus)bu /A + [1 — (L1 4+ q2)((L2 + ¢6)Siss + q7Cis)/ 4],
(}"‘O)BZ A
A = Lo+ g0)Sus + 5 Cis — g — (Lo + 46)Sus — 47 Cislbas /4,
aﬂ'mBz

A = = (L + g)Sis = G Cus)(La + g0)/A + ((Li + ¢2)Cis — 45 Su5)q; | A1bss,
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0" @ .
T;? = —(Lz + l]é)C45b13/Ay
a,{,li"l)huz ’ ’ L ’ ’ A
o5t = qi(Ly + q¢)Casbi /A — (Ly + q3)(La + q6)Casbin/ 4,
o' P "
ﬁs’ = [(LZ + Q(:)(l - C45) + (Ll + qZ/)C45 + qz/S45] 23/4‘,
6
6,» B L 0°. bo2 , , T
0?; = —q1bi3/4, 16:7/ = qsq1bn /A — g7 (L + q3)b12/ A,
0 o5 . 0 b R
(’);’; = _[(Ll + qﬁ)S45 - Q§C45]b23/4‘, Tg: = [(Lz + Qé)Sms + (]7/C145]b13/4‘a
aa_ b, A ~
é; = —¢5[(Lr + ¢6)Sias + g7 Cras]bii /A + (L + ¢2)[(La + q6)S1as + q7 Cras|bin/ 4,
a,t" B, , , B 61 By , , ~
5?: = —[(Li + ¢5)S1 + g:Ci1bx /A4, T(;: = [(L2 + ¢5)Cras — q7S14s]b13/ 4,
o vl ~ ~
“‘a; = [(L + ¢6)Ciss — q7S1s](—g3bi + (L1 + q2)b1n)/ A4,
0" 0" ~
s [—(Li + ¢)Ci + ¢ S1]bx /4. (42)
2.2.1. ODE’s
The ordinary differential equation for the constrained motion is
aa_ b1 61 B ao_ by
0= 50 Foy = L]+ 50 [T, = I ]+ S50 [P, — 1)
o ok
+ G [Mn = du) (43)

Replacing the symbols with their values gives

1 , , h N R . -
0= A [(L2 + ¢6)Cuas — Q75145]{M1 — f p(xn + U1|)|:ab;212 + $i(xn + dn)
o

oil N Lo . oil -
+ 28 aLl” — S12u12:| dxi; + L PM12|:61:2” — Siliy — 28 aL;Z — S12(x11 + ull):| an}

Ly

- qj [(Lz + Qé)cm - 47/5145]{—] - 1% dx21[35 - 5’1%’ — 25185 — S%(Ll + 6I2/)]

0

W

L. 7 !

[ e e ; 2

— f /’[ ab;zzl — ($1 4 8§+ 85)ibn — 2(s1 + 85 + SS)%
0

. ~ A b Tor, . . . ~
— (81 4 815+ 55)°(x2 + u21):|(b11 “byy) dxy — j p|: al;z_z + ($1 + 84 4 85) (o + 1)
0

ok I PR
+ 2(.5'1 + Sz: + SS) % — (S] + S;{ + S5)2M22:|(b11 . b22) dX21}
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L /
+( 1+ q3)

Ly
Y [(Ly + ¢6)Cras — 617/5145]{—J p dxx[$5 + $1(Li + ¢3) + 28185 — 512(13/]
o

L 7 ~

2 0, . ., o\~ , 0 , R

_ f P|: @?2_1 — ($1 + $4 4 S5)dn — 2(s1 + S5 + S5) 451;2 — (51 4 56+ 55)(em + Uzl):|
o

ity
ot

L. ~

A ~ 2 02 ) . ., . ~ ’

X (b]z . bz]) d.Xz] — J p|: (,;;22_ + (S1 + 55 + Ss)(X21 + Uz]) + 2(51 + 55 + Ss)
0

1

— (S] + Sz( + S5)2ﬁ22:|(512 . 522) del} + Z [—(Ll + qg)CI + q;SI]

Ly
X {Mz — J p(.le + 1121)[5"2/ — Szlq_{ — 2S]S_{ — Slz(Ll + qzl)](b2| X b][) . b]3 deI
0

rL,
— Pﬁzz[jzl — S‘lqg — 28185 — S12(L1 + qﬁ)](bzz X bn) < b3 dxy

Jo

!‘LZ

— o + )83 + Si(Ly + q3) + 28187 — S%qg](l;ﬂ X 512) : 513 dxy

Jo

/‘Lz . . .
e pﬁzz dX21[5"3/ + Sl(Ll + qﬁ) + 2S1S3/ - S%qﬁ](bzz X b12) . b13

Jo

0%l Oty
— P(le + ﬁ21)|:6t2 + (3"1 + 85 + js)(le + 1121) + 2(51 + si + Ss) ot

Jo

, - O I
— (814 84 + 85)°tn | dxa + PUxn th_ — (81 + $& + S$5)iln
o
’ 61/722 ’ 2 ~

— 2081 + 85+ 55) o (51 4+ 84 4 55)2(x2 + di21) | dxa p. (44)

Using equations (38) and (39), s1, s1, §s and s5 can be eliminated in terms of §y and s, and
the pseudo-co-ordinates (taking ss and ¢s to be zero). The result can be set up as a
differential equation in Sy and the pseudo-co-ordinates, which are determined via the field
equations.

2.2.2. PDE’s and BC’s

The field equations are readily determined as before. In fact the equations are the same
as before (equations (25), (26), (30) and (31) provided s, s, $s and s5 are eliminated as
described by the kinematic constraints.
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The left-hand side of the boundary conditions for the constrained motion are the same
as in equations (27)—(29) and (32)—(34). The right-hand sides are defined as

,0%v 0" o 00"
8 =54 (Fs, — 1] + ol [Ts, — J5] + o5, [Fs, — 1.
o P
+ 652/ . [Tb’z - JBz]a
, a() ‘Dh()] a.,i'mBl 00 »l)h”z
g = 'ésé “[Fp, —1s,] + o5 [Ts, — 5]+ 'ésg “[Fs, — 1s,]
o' B
+ 05}/ [Tb’z - J32]>
, aa 'Uh(’] a 1"0)31 81} »l)h”z
L= J&sé “[Fp, —1s] + o5 [Ts, — 5]+ ‘1&: “[Fs, — 1]
o' o
+ 054 [TBz - JBz]a
, ’17 ‘Uh(’l ol 1"(0[1‘1 ar) ~l)’7"2
g = O“ésé “[Fs, — s ] + OT [Ts, — Js] + J@Sé “[Fs, — Iy,
oV %
t o [Ts, — Js,],
, ao »Db”‘ at ‘(DB' au Db,,z
gn = J@S{ [F, — 1] + TS{ [Tp, — Jp,] + J@S{ [Fg, — Is,]
o' ok
+ 0S7/ [TBz - JBz]

and k7, = 0. The leading index indicates which beam the term belongs to. The exact
boundary conditions can be determined by replacing the terms with their definitions; the
results are voluminous and will not be presented [37]. As can be seen in these equations,
the pseudo-speeds are used to parameterize the configuration space of the system, the
co-ordinate space which conforms explicitly to the applied kinematic constraints.

The condition for when the manipulator leaves the work surface (constraint violation)
is when the force enforcing the constraint passes through zero. This is exactly when

aj}t "Ub"l 01 (DBI au‘ _Ub,,z a,/( 'wBZ
S P, — L] 50 [T = Ju] + S [P, — L] + 50

: [Tb’z - JBz]

(45)

changes sign. This relationship is where the fictitious speed s5 is used, namely to form the
partial velocities, every other occurrence of g5 and s5 are ignored. This relationship can also
be used to model various forms of friction between the manipulator tip and work-piece.

2.3. CONTACT/IMPACT

In this section we present the algebraic equations needed to model the momentum
exchange between free-flight and constrained motion.

At the instant the manipulator contacts the surface a non-holonomic constraint is
instantly enforced. This fact can be used to derive the post-contact initial conditions for
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Figure 3. Animation no. 1 of a two link flexible manipulator.

the constrained motion. Previous work [35, 36] can be used for developing the algebraic
momentum equations. Specifically for this problem, the initial value of s, is found via

aw b1 a,/t Bl
0= 7 — (L) — L@ )] + S| T — () — Hi(5)]
659 o 059 .
o° by 0 @™
+ SV T — (@) — L )] + | [T — (Ha(1)) — Ha(;)].
0S9 o 0S9 o+

(46)

The partial velocities are to be taken with the non-holonomic constraint applied as denoted
by their evaluation at ¢z, however, the co-ordinates in the resulting partial velocity
calculations are at their pre-impact (¢, ) values. The correct partial velocities are given in
equation set (42). For the problem at hand, it is assumed that the non-constraint impulsive
loadings &,, 9 ,, &, and  , are zero. The linear momentum L;(z, ) and the angular

t
— | | | |
0.1 02 o3 0.4 0.5
_02 -
d, -0.4 |
_06 -
_08 -
~1.0

Figure 4. Co-ordinate plot case no. 1.
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Figure 5. Co-ordinate plot case no. 1.

momentum H;(z; ) are evaluated with speeds in the unconstrained co-ordinates. The
momentum relations after contact are evaluated in the constrained co-ordinates.

The only speeds that are changed during the collision are s5, 57 and s. The other speeds
are internal to the collision and are unchanged due to finite disturbance propagation
speeds. The remaining two algebraic equations for determining ss, s7 and sy post-contact
are

ar)‘ byl a,/{‘ B
0="00 [ — (L)) — L, D]+ o - [7 — (i) — Hi(t; )]
an, + asé +
00 v o ok
O () — L]+ S 7 () — Hu)]
(47)
and
0 wbyi N yBi
0=a“‘v/ ~[37|—(L|(t0+)—L|(t;))]+a O T - @) - Hi@)]
aS7 -~ 85'7 p
0% v PR -
+ vés{ 7 — (La(ty) — Lo(27))] + 5 [T — (Hao(1) — Hao(2,))].
(48)
5 —
4 —
Gy
3 —
2 —
1 —
| | | | | |

0.05 0.10 0.5 5,0 g5 0.30 0.35
t

Figure 6. Co-ordinate plot case no. 1.
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Figure 7. Animation no. 2 of a two link flexible manipulator.

The last three equations can be solved for s¢, 57 and sy post-contact. The resulting s, is the
initial s, for the constrained system. The pseudo-generalized speeds (s¢ and s7) are defined
in terms of the distributed co-ordinates (equations (37) and (40)) so the initial conditions
for the field variables can be constructed from the previous internal velocity distribution

0.4

0.3
0.2

0.1

Figure 8. Co-ordinate plot case no. 2.
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and the changed boundary velocity from the pseudo-speeds. The displacement field is
unchanged across the instantaneous momentum exchange.

2.4. SIMULATION PREPARATION AND RESULTS

In this section the details of how the numerical model was prepared are presented.
Discussed first is the field discretization proceeding to the numerical results.

The integral weak form of the partial differential equation is utilized for the numerical
work. The field is assumed to have the form:

dea(Xea, ) = ()X /Lé + Q)X /Le + pea(t)xi /L, 49)

where the elongation co-ordinates have been dropped for the sake of brevity. Structural
damping proportional (y) to the time rate of change of bending was also added to each
beam’s field equations. The ordinary differential equation(s) for the constrained and free
motion regimes are augmented by six additional weak equations for determining the ¢(z)
for each continuum.*

The momentum exchange is determined by the algebraic equations shown above. For
this problem, the contact/impact occurred on the boundary of the domain, therefore the
post-impact velocity field is determined through the pseudo-speeds. If the momentum
exchange occurs in the interior of the domain, then the algebraic field equations of
momentum transfer will have to be weakened with the ¢(¢) discretizing the domain. This
will supply the equations needed to determine the post-impact initial velocity field in terms
of the ¢(¢).

The numerical aspects of this problem were expedited with the aid of source code
generated via symbolic tools suitable for the formulation methodology [37]. To reduce the
physical length of each term, judicious use of intermediate variables and the chain rule of
differentiation, applied to the partial velocities, were used in formulating the minimal
constrained equations of motion. The reader can become cognizant of the size of the
closed-loop equation by imagining the ordinary equations of motion of the open-loop
configuration in the boundary conditions for the field equations, then mentally weakening
the field equations.

In order to simulate simple maneuvers a proportional control law implementing a
torsional spring at each revolute joint was added. Viscous damping torques were also
assumed active at each joint. Gravity was added to be able to simulate dropping the device
against a surface.

Detection of contact was made by purely geometric means. When the tip of the second
link was within a small distance of the surface, the time step was reduced to accurately
capture the contact. Once contact was made the momentum calculations shown above were
initiated and the simulation restarted in the constrained configuration. The simulation was
generic enough to allow the system to be constrained initially, but not used for this work.
During the constraint phase of the motion the generalized force of constrained developed
above was checked to determine whether or not the system became unconstrained.

2.4.1. Numerical results

For the simulation, the properties were taken in consistent units to be as follows:
p=1764,1=3391 x 1075 L, =3, L, =2, E= 14832 x 10° and y = 0-2. Gravity, initial
conditions, control constants, and joint damping factors were adjusted for the scenarios
to follow.

* Other procedure, such as finite elements, can be used provided the formulation utilizes the constrained field
equations and boundary conditions as shown.
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Figure 9. Co-ordinate plot case no. 2.

In the first run, the first joint was spring free; the second joint had a spring of K, = 20,
zeroed at gs = 0. Both joints had damping D = 20. Gravity was turned on (g = 32-17) and
the initial condition for the joints were a few degrees positive, all others were quiescent.
Figure 3 shows the animation of the motion and Figures 4, 5 and 6 show the co-ordinates
q1, qs and g, respectively. The plot for g, reveals the switching until the system remains
constrained.

In the second run, gravity was turned off and springs K, =120 and K, =20 were
included with set-points at the zero configuration. The joint damping was halved and the
initial conditions on the angles were fairly large, with the other co-ordinates set to zero
initially. Figure 7 shows the motion of the system, which lasted for 30 s, it progresses from
left to right then down the page. Figures 8 and 9 show the angles. The switching occurred
infrequent to the timing for simulation output so the corresponding plot for ¢, was not
captured.

3. SUMMARY

In this paper an algorithm that can be used to model variable structure non-holonomic
dynamics of HPMBS was presented. Demonstrated was a technique that provides closed
form minimal equations of motion with minimal algebraic operations. Modelled was a
planar two flexible link robot undergoing free-flight, contact/impact, and constrained
motion, and the switching between these modes, which exhibits most of the dynamics that
can be found in modern light-weight mechanical systems. Also provided were results for
a numerical simulation that shows that experimental coefficients of restitution can be
avoided by employing hybrid models, which the technique presented herein accomplishes
in a systematic concise manner.

The system modelled was simple enough to be tractable by hand yet complicated enough
to elucidate the technique’s ability to model complex real-world systems; systems that are
of variable structure such as assembly or machining robots, or systems that are free-flying
such as space-born structures, or systems that are closed-loop such as automobile
suspensions. Constrained systems are modelled without the use of Lagrange multipliers so
that the resulting equations are minimal and the numerical difficulties associated with
differential-algebraic equations are avoided.
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